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Stability of Superposition of Viscous Contact Wave 
and Rarefaction Waves for Compressible 
Navier-Stokes System 

Feimin Huang* Teng Wangt 


Abstract 

This paper is concerned with the large-time behavior of solutions for the one-dimensional com¬ 
pressible Navier-Stokes system. We show that the combination of viscous contact wave with rarefac¬ 
tion waves for the non-isentropic polytropic gas is stable under large initial perturbation without the 
condition that the adiabatic exponent 7 is close to 1, provided the strength of the combination waves 
is suitably small. 
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1 Introduction 


The one-dimensional compressible Navier-Stokes system in Lagrangian coordinates read 


v t - u x = 0, 

Ut+Px=v(—) , 

\vJ x 

I U \ , ( \ I o x uu x 

+ TT + ( P U )x = K— + M — 


( 1 . 1 ) 


for x £ R = (—00, +00), t > 0, where v(x,t) > 0, u(x,t ), 0 (x,t) > 0, e(x,t) > 0 and p(x,t) are the 
specific volume, fluid velocity, absolute temperature, internal energy and pressure, respectively, while the 
positive constants p and k denote the viscosity and heat conduction coefficients, respectively. Here we 
study the ideal polytropic fluids so that p and e are given by the state equations 


P = 


— = Av 1 exp 
v 



e = c v 6 + const., 


where s is the entropy, 7 > 1 is the adiabatic exponent, c v = —is the specific heat, and A and R 
are both positive constants. We consider the Cauchy problem to the system ED supplement with the 
following initial and far field conditions: 


f {v,u, 9 )(x, 0 ) = (vq,uq,0o)(x), i £ l , , 

1 (v,u, 6 )(±oo,t) = (v±,u±, 9 ±), t> 0, 

where v±(> 0), u± and 0 ±(> 0) are given constants, and we assume infR^o > 0, infn0o > 0, and 
(Vo, uo, 0 o)(±oo) = (v±,u±,Q±) as compatibility conditions. When the far field states are the same, 
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i.e., v+ = V-, u+ = U-, 0+ = 0_, there has been considerable progress on the global existence of the 
solutions to the system m since 1977, see nu mm nn im and the reference therein. In particular, 
Jiang mm first obtained some interesting results on the large-time behavior of solutions, however the 
temperature is only shown to be locally bounded in space. More recently, Li and Liang HU improved 
Jiang’s results by proving the temperature is uniformly bounded. 

The existence and large time behavior of solutions to the system m with different end states become 
much more complicated. It is noted that, if the dissipation effects are neglected, i.e., /i = k = 0, the 
system Oi is reduced to the compressible Euler equations as follows 


! v t -u x = 0, 

"; +p - 2 t 0 ' (i.3) 

(e+y^ + M," 0 . 

which is the most important hyperbolic system of conservation laws. It is well known that the system 
m has rich wave phenomena. Indeed, it contains three basic wave patterns (see [24]). two nonlinear 
waves: shock and rarefaction wave, and a linearly degenerate wave: contact discontinuity. When we 
consider the Riemann initial data 


(i>,u,0)(a;,O) 


(v-,u-,9-), x < 0, 
(v+,u+,9 + ), x>0, 


(1.4) 


the solutions consist of the above three wave patterns and their superpositions, called by Riemann 
solutions, and govern both the local and large time asymptotic behavior of general solutions of the 
system m- It is of great importance and interest to study the large-time behavior of the viscous 
version of these basic wave patterns and their superpositions to the compressible Navier-Stokes system 

(ED- 

There has been extensive literature on the stability analysis of viscous wave pattern to system m, 
meanwhile new phenomena has been discovered and new techniques have been developed. We refer 
to [5] 1131120] for the shock wave, [2111221123] for the rarefaction wave, B El El El US for the viscous 
contact discontinuity, and the reference therein. However, the stability of the superposition of several 
wave patterns is more complicated and challenging due to the fact that the stability analysis essentially 
depends on the underlying properties of basic wave pattern and these frameworks are not compatible 
with each other. Besides, the wave interaction between different families of wave patterns is complicated. 
Recently, Huang-Matsumura in [5] showed that the superposition of the two viscous shock profiles for the 
Navier-Stokes system m is asymptotically stable without the zero initial mass condition. This result 
was extended in [4] to the combination of viscous contact discontinuity with rarefaction waves by deriving 
new estimates on the heat kernel. The time-asymptotic stability of other cases is still open! 

It is noted that all results mentioned above are concerned with the small perturbation around the 
viscous wave pattern. In another word, they are “local” stability. A nature problem is, whether or 
not these basic wave patterns and their linear superpositions are stable even for large perturbation. 
This is equivalent to study the global stability of the viscous wave patterns to the system m, which is 
challenging because the nonlinear terms play leading role in the large solutions, while the linearized system 
around wave patterns is essential for the local stability. Along this direction, Nishihara-Yang-Zhao in (53] 
first proved the rarefaction waves for the system m are stable with “partially” large perturbation with 
the condition that the adiabatic exponent 7 is closing enough to “1”. Precisely speaking, the amplitude 
of initial perturbation is reciprocal to 7 — 1. That is, 7 — 1 is smaller, the perturbation around the 
rarefaction wave can be larger. This result is extended by Huang-Zhao in [10] to the case of single viscous 
contact wave and the combination of viscous contact wave and rarefaction waves for a free boundary 
value problem, and further by Hong in [3] for the Cauchy problem. Note that the condition on 7 plays 
essential role in [3 Hi 121, however, it is not natural in the physical setting. The main aim of this paper 
is to remove the non-physical condition of the adiabatic exponent 7. 


Before stating the main results, we first recall the viscous contact wave (V, U, 0) for the compressible 
Navier-Stokes system GU introduced in [8]. For the Riemann problem m-m, it is known that the 
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contact discontinuity solution takes the form 


provide that 


(' v,u,e)(x,t) 


(v-,u-,9-), x<0,t>0 , 
(u+,it+,0+), x>0 1 t>0, 


A R6- A R9 + 

U- = u+, P- = -= P+ =- 

V- v+ 


(1.5) 


( 1 . 6 ) 


We assume that = u+ = 0 without loss of generality. Due to the effect of heat conductivity, the 
contact discontinuity (V,U,@) is smoothed and behaves as a diffusion wave, called by ’’viscous contact 
wave”. The viscous contact wave (V, [/, 0) can be constructed as follows. Since the pressure for the 
profile (V, U, 0) is expected to be constant asymptotically, we set 


RQ 

— =P+, 


which indicates the leading part of the energy equation (0)3 is 


CvQt +p+U x = k ■ (1-7) 

The equation o and 01 lead to a nonlinear diffusion equation, 

9t=a (% L ) ’ 0 ( ±OO ^) = 0 ±> ° ^ > 0 > ( L8 ) 

which lias a unique self-similar solution 0(x,t) = 0(£), £ = due to [2j. Furthermore, 0(£) is a 

monotone function, increasing if 9 + > 6- and decreasing if 9+ < (9_. On the other hand, there exists 
some positive constant <5, such that for S = \6+ — 6L|, 0 satisfies 

(1 + i) 10x2;| + (1 + t) 5 102;| + |0 — 9± | = 0(1)i5e 1+t as |a;| —> oo, (1-9) 


where Ci is positive constant depending only on 9±. Once 0 is determined, the contact wave profile 
(V, U, 0)(x, t) is then defined as follows: 


r=*e, u=<2-11^ 

7_/t 0 


0 = ©. 


( 1 . 10 ) 


The contact wave (V, U, @)(x,t) solves the compressible Navier-Stokes system (11.11) time asymptotically, 
that is, 

Vt-U x = 0 , 


Ut + 


RQ 

~V 


= P 


Ri, 


©2 


Ci20t +p(V, Q)U X — K-— I + p— y + 1?2 


V 


U 2 


where 


R\ = U t — p 


, R2 = —p 


V 

u 2 


V 


( 1 . 11 ) 


( 1 . 12 ) 


We first study the global stability of single viscous contact wave (V, [/, 0) for arbitrary 7 > 1. For 
this, we put the perturbation (<j>,‘ip,^)(x,t) by 


(<^,00,*) = {v-V,u-U,9-Q)(x,t). 


(1.13) 


The precise statement of the first result is 
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Theorem 1.1 (Viscous contact wave) For any given left end state (v-,u-,9-), suppose that the 
right end state (u+,u+,0+) satisfies (11.61) . Let (V, U, 0) be the viscous contact wave defined in (11.101) 
with strength 6 = |0+ — 6 L|. There exist a function m(S) satisfying m(S) —> +oo, as S —>• 0 and a small 
constant So such that if S < So and the initial data satisfies 


vo{x),9 0 (x) > m 0 \ m 0 =:m(<5 0 ), 

II i v o( x ) - V'(x,0),u 0 (x) - U(x, 0),6» 0 (x) - 0(x,O))|| ff i (R) < m 0 , 


(1.14) 


then the Cauchy problem pp-op admits a unique global solution (v, u, 9) satisfying 


{y — V : u — JJ, 9 — 0)(x, t) £ C((0, +oo); iJ 1 (R)); 


('v - V) x (x,t) £ L 2 (0,+oo;L 2 (R)); 

(u—U,9 — 0) x (x, t) £ L 2 ( 0, +oo; H 1 { K)). 

Furthermore, 

lim sup |(u — V, u — U, 9 — 0)(x, i)| = 0. (1.15) 

t-H-oo x£R 


Remark 1 Theorem 1.1 means that if the strength of contact wave is smaller, the initial perturbation 
can be larger. In particular, when <5 = 0, that is, the asymptotic state is a constant one ( v , u , 9) instead of 
a wave pattern, then for any initial data (vq — v, uq — u, 9o — 9)(x) £ H 1 ( R), there always exists a small 
constant So such that (11.141) holds, in which the second term is replaced by ||(i>o(x) — v, u o(x) — u, 9o(x) — 
0)\\mm < mo- This coincides with the one in Li-Liang Ill- 

Remark 2 Theorem 1.1 holds for any 7 > 1 and thus removes the condition that 7 is close to 1 in 
Nishihara- Yang-Zhao and also in mm- 

When the relation (ESP fails, the basic theory of hyperbolic systems of conservation laws implies 
that for any given constant state (i>_,w_,0_) with V- > 0, 9- > 0 and it_ £ R, there exists a suitable 
neighborhood Tt(y-,u-,9-) of (y-,u-,9-) such that for any {y+,u+ ,9+) £ Q(v-,u-,9-), the Rienrann 
problem of the Euler system ESP, E3P has a unique solution. In this paper, we only consider the case 
of the superposition of the viscous contact wave and rarefaction waves with 


(u+,'u+,0 + ) £ R\CRo{v-,u-,9-) c Sl(v-,u-,9-), 


(1.16) 


where 


R\CRo(v-,u-,9-) = < ( v,u,9 ) £ Ll(v-,u-,9_) 


u> U- — 


e W (s - _a) i 


s 7 ^ s_, 


X-(r],S-)dr],u> u_ - / \ + (r),s)dr) 

J e -KT {s -- s) v_ 


and 


R R9 R R9± H " 7-1 

s= -rln—+Rlnu, s± = -- In—--bRlnu-t, \±{v, s) = ±\J Ayv~' 1 ~ 1 e r s . 


7 — 1 A 


7 — 1 A 


By the standard argument (e.g. [23|), there exists a unique pair of points (v™, u m , 6™) and (vT,u m , 9™) 
in fl(v-,U-,9 _) satisfying 

R9 m R91 


_L A m 
m, 1 > 


the points {y™, u m , 9™) and {vff, u m , 0™) belong to the 1-rarefaction wave curve R-(v-,U-,9-) and the 
3-rarefaction wave curve R+(v+,u+,8+), respectively, where 


R±(v±,u±,9±) = { (v,u,0) 


s = s±,u = u±— / A±(ry, s±)dg,v > v± > . 

Jv± J 
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Without loss of generality, we assume u m = 0 in what follows. The 1-rarefaction wave (v r _ , uL, #L)(f) 
(respectively the 3-rarefaction wave (u+, u+, 0+)(f)) connecting (i;_, it_, 0_) and (v™, 0, 0™) (respectively 
(vT, 0, 0+) and (i;+, u+, 0+)) is the weak solution of the Riemann problem of the Euler system (11.311 with 
the following initial Riemann data 


(^± 3 3 0iL ) (*^3 0 ) 


±x < o, 

(v±,u±,8±), ±x > 0. 


(1.17) 


Since the rarefaction wave (v ±, u ±, 9 r ± ) are weak solutions, it is convenient to construct approximate 
rarefaction wave which is smooth. Motivated by m, the smooth solutions of Euler system & 
(V±, U±, 01J-), which approximate (?;+, u r ±1 0±), are given by 


( >'±{y±(x,t),s±) = w±(x,t), 

U±= u±— / A ± (?7,s ± )d?7, (1.18) 

Jv± 

Q r ± = e ± {v±y- 1 (yi) l -\ 

where w _ (respectively «;+) is the solution of the initial problem for the typical Burgers equation: 


w t + ww x = 0, 

, CO Wr H 

w(x,0) =-- 


(x, t) € R x (0, oo), 

■Wt W r -Wl 

-1---tanha;, 


(1.19) 


with wt = X-(v-,S-), w r = A-(v™, S-) (respectively wt = A + (u+,s+), w r = A_|_(v+ , s+)). 

Let ( V cd , U cd , Q cd )(x, t) be the viscous contact wave constructed in (11.811 and (II.Kill with (u±, u±,6±) 
replaced by (v±,0,9±), respectively. 

To describe the strengths of the viscous contact wave and rarefaction waves for later use, we set 
S ri = |u™-w_| + |0-u_|-t-|6»™-6»_|, 6 cd = \6™~9™\, 

S r3 = |u+ - i7+| + |0 - u+| + |6»™ - 0+| 


and S = min(5 ri , S cd , S r3 ). If 

6 ri + S cd + 6 r3 < CS, as S ri + 6 cd + 5 ra -+ 0 


( 1 . 20 ) 


holds for a positive constant C, we call the strengths of the wave patterns “small with the same order”. 
In this case, we have 

S ri + S cd + <5 r a <C|(i;+-t;*.,u+-ti_,0+-0_,)|. (1.21) 

In what follows, we always assume (11.201) . We define 


( 0 ) ^ 


ycd 

u cd 

Q cd 


+ Vf + Vf \ 

/ V m + 17 + 

+ UL + U r + (*,t)-| 

! 0 

+ + ©; / 

\ 0 ™ + 0 ™ 


( 1 . 22 ) 


and 

((p,ip,Q{x,t) = (v — V,u—U,6 — &)(x,t). 
The precise statement of the second result is 


Theorem 1.2 (Composite waves) For any given left end state (u_,u_,0_), let (V,U,Q) be defined 
in (11.2211 with strength satisfying (11.201) . Then there exists a function m(5 ) satisfying m(6) —> +oo, as 
<5 —>• 0 and a small constant 6 o , such that if |(u+ — u_,it+ — u_,0+ — 0_)| < <5o and the initial data 
satisfies 

| vo(x),6 0 (x) > mo 1 , m 0 -■ m(<5 0 ), 

l II (vq{x) - R(a:,0),'Uo(a:) - U(x, 0), 6 0 {x) - 0(x, 0))|| ff i (R) < m 0 , 
then the Cauchy problem Oil-Oil admits a unique global solution ( v , u, 9) satisfying 

(v — V,u — U,9 — 0)(a;, t ) G C((0, +oo); H 1 (R)); 
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(v - V) x (x,t) G i 2 (0, +oo;L 2 (R)); 


(u — U,9 — Q) x (x, t) G L 2 (0, +oo; i? 1 (R)) 


and 


t-H-oo xgR 


lim sup |(u — V, u — U, 9 — 0)(a;,i)| = 0, 


(1.24) 


where the {v 1 L,u r _,0 r _){x,t') and {v T f,u r ^,9' r \.){x,t) are the 1-rarefaction and 3-rarefaction waves uniquely 
determined by (11.31) . (11.171) . respectively. 

Remark 3 By (iv) of Lemma \2.5\. Theorem \1.2\ implies 



= 0 . 


We now explain the main strategy of this paper. It is noted that in mmm, the smallness of 7 — 1 
is used to control the lower and upper bound of the absolute temperature 9. To remove the smallness 
condition of 7 — 1 , the key point is to derive the uniform bound of 9 , which is also closely related to 
the uniform bound of the specific volume v. Motivated by mi naira, we first obtain the basic energy 
estimate (see Lemma 13 . 11 ) . which is independent of the time t, with the help of the new estimates on 
the heat kernel developed in [4], provided the strengths of the waves are suitable small. It should be 
emphasized that the basic energy estimate is nontrivially obtained, while it is trivial for the case of small 
initial perturbation or the far-held condition being a constant one (v, u , 9). In fact, we essentially use the 
structure of wave patterns to control the terms involving the derivative of perturbation around the wave 
patterns. Secondly, the specific volume v is shown uniformly bounded from below and above with respect 
to space and time through delicate analysis based on the basic energy estimate and a cut-off technique. 


Finally, we manipulate some weighted estimates on the perturbation around the wave patterns to derive 


the uniform bound of 9. We remark that the underlying structures of viscous contact wave and rarefaction 


waves are essentially used throughout the whole proof, and the idea may not be valid for shock wave 
whose structure is quite different from those of viscous contact wave and rarefaction waves. 

This paper is organized as follows. In the next section, we collect some useful lemmas and fundamental 
facts concerning the viscous contact wave as well as rarefaction waves. The main proof of Theorem ll.il 
and P are completed in Section 3 and 4, respectively. 

Notations. Throughout this paper, generic positive constants are denoted by c and C without con¬ 
fusion. For function spaces, L p (fl), 1 < p < 00 denotes the usual Lebesgue space on S7 C R = (— 00 , 00 ) 
with its norm given by 



1 < p < 00 , || / |U=o (n) := ess.sup n |/(x)|. 


H k (Q) denotes the k th order Sobolev space with its norm 



The domain Q will be often abbreviated without confusion. 
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2 Preliminaries 

The properties of the viscous contact wave (F, U, 0) defined by (11.101) are useful in the following sections. 


Lemma 2.1 Assume that S = \9 + — 9_ \ < <5 0 for a small positive constant So- Then the viscous contact 
wave (F, U , 0) defined by (11.101) has the following properties: 


(1) 

|F — u±| + |0 — 9 ±| < 0(\)5e~ , 


( 2 ) 


\d k x V\ + \d x ~ 1 U\ + \d k x Q\ < 0(l)S(l + t)~h~^, k > 1. 


Therefore, we have 

R 1 = 0(l)6(l + t)-ie~ ! &r, Ri = 0(1)5(1 + t)~ 2 e~ C -^. (2.1) 

The following two lemmas play important roles to obtain the basic energy estimate, the proofs can 
be found in j4], we omit them for brevity. 

Lemma 2.2 For 0 < T < +oo, suppose that h(x,t) satisfies 

h £ L°°(0,T;L 2 (R)), h x £ L 2 (0,T;L 2 (R)), h t £ L 2 (0, T; F^QR)). 


Then 


[ f h 2 w 2 dxdt < 47t||/i(0)|| 2 + 47ra 1 f \\h x \\ 2 dt +8a f < h t , hg 2 >h~ 1 xh 1 dt (2.2) 

Jo j Jo Jo 


for a > 0, and 


j(x,t) — (1 + t) 2 exp ( - 


1 + t 


g{x,t) = / w(y, t)dy. 

J — oo 


Lemma 2.3 For a £ (0, and w defined in Lemma \2.2\. there exists some positive constant C depending 
on a, such that the following estimate holds 

I J^ 2 + ^ 2 + C 2 )w 2 dxds < C ^1 + j{4>i + f>l + ( 2 )dxds^j . (2.3) 

Next, we state the following properties of the solution to the problem (11.191) due to [2T| . 


Lemma 2.4 For given wi £ R and w > 0, let w r £ {0 < w = w — wi < w}. Then the problem (11.191) 
has a unique smooth global solution in time satisfying the following properties. 

(i) wi < w(x,t) < u>r, w x > 0 {x £ R, t > 0). 

(ii) For p £ [1, oo], there exists some positive constant C = C\p , wi,w) such that for w ^ 0 and t ^ 0, 

||wx(t)||ip < Cmin{w;,u; 1 /p f _1+1/p }, \\w xx (t)\\LP < Crninlw;, f -1 }. 


(Hi) If wi > 0, for any (x,t) € (—oo,0] x [0,oo), 

\w(x,t)-wi\ < we~ 2 ^ +Wlt \ \w x {x,t)\ < 2 we~ 2 ^ +Wlt) . 

(iv) If w r < 0, for any (x,t) £ [0, oo) x [0, oo), 

\w(x, t) - w r I < we~ 2{x+Mt \ \w x (x, t)| < 2we~ 2 ^ x+ \ wAt) . 
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(v) For the Riemann solution w r (x/t) of the scalar equation (11.191) with the Riemann initial data 


we have 


w(x, 0) 


w u x < 0, 

w r , x > 0, 


lim sup|w(a;, t) — w r (x/t)\ = 0. 

t-H-oo 


Finally, we divide K. x (0,t) into three parts, that is R x (0,t) = U f2 c U with 

= {{x,t) \ ±2x > ±A±(v™, s±)t}, 

and 

fl c = {(a;, t)|A_(u™, s_)t < 2x < \ + (v™, s + )t}. 

Then Lemma 12.11 and Lemma 12.41 lead to 

Lemma 2.5 For any given left end state (v_,u_, 9-), we assume that (I1.1GI) and (11.201) hold. Then the 
smooth rarefaction waves (V±, U±, 01j_) constructed in (11.181) and the viscous contact wave (V cd , U cd 1 Q cd ) 
constructed in (11.101) satisfying the following: 

(i) {U r ±) x > 0, (*€R,i>0). 

(ii) Forp € [l,oo], there exists a positive constant C = C(v-,U-,6_,6) such that for 5 satisfying (11.201) . 

II ((^) x , {U r ± ) x , (O r ± ) x ) (t )\\lp < C min {s, 6^t~ 1+ } 

and 

||((V5)xx, (U±)xx, (e±)*x)(t)||L- < Cmin |<5, t _1 1. 

(in) There exists a positive constant C = C(v-,u-,9-,S) such that for 

co = ^ min j|A_ (v™, s_)|, A+(n™, s+), c 1 X 2 _(v T ft, s_), c 1 X 2 + {v r f, s+), l|, 
we have in Q c 

(U r ± ) x + |(V^)x| + |F ± r - u£| + |(0i) x | + \e r ± - 0£| < C6e- c °^ +t \ 


and in f2=, 


\V cd - u™| + \Vf d \ + |0 cd - 0™| + \Uf d \ + \Q c x d \ < CSe~ C0 ^ +t \ 
(Ul) x + |(V5)x| + I VI - w£| + Ke^Jxl + I©i - 0£| < C6e~ c °^ +t l 


(iv) For the rarefaction waves (v±,u±,9±)(x/t) determined by (II.31) (II. 171) . it holds 

lim sup |(V r ±,f7±,0±,)(a;,i) - (u±,u±,0±, )(x/t)| =0. 

t~>+°a a, G R 


3 Proof of Theorem 11.11 

Substituting (11.111) into (11.11) . (11.21) yields 

(ft-ipx = 0 , 

A + (p - p+) x = p - y) 

c v (t + pu x - P+U x = K ^ 'j + // - R 2 , 

„ (^VhCXzjO) = (</»o,V’o,Co)(®), x I M. 

8 




(3.1) 






















We shall prove Theorem 11.11 by the local existence and the a priori estimate. We look for the solution 
(</>, ip, Q in the solution space X([0, +oo)), 


X([0,T]) = {(0,^,0 


v, 9 > M~\ 


sup \\((p,ip,Q\\ H i < M 

0<t<T 


for some 0 < T < +oo, where the constants M will be determined later. Since the local existence of the 
solution is well known (for example, see (6j), to prove the global existence part of Theorem 11.11 we only 
need to establish the following a priori estimates. 

Proposition 3.1 (A priori estimates) Assume that the conditions of Theorem 11.11 hold, then there 
exists a positive constant So such that if 5 < So and (</>, VhC) £ X([0,T]) ; 

sup ||(0 ,+ [ (\\<t>x\\ 2 + \\{^x,( x )\\ 2 H i)ds <C 0 , (3.2) 

0 <t<T Jo 


where Co denotes a constant depending only on p, k, R, c v , v±, u±, 9± and m-o- 


Once Proposition l3.1l is proved, we can extend the unique local solution ( u , v, 9) which can be obtained 
as in |6j to T = oo. Estimate (13.211 and the equations (13.111 (respectively (14.Ill 1 imply that 



\\{(px^x,Cx){t )\\ 2 + 


dt 




dt < oo, 


(3.3) 


which, together with (13.21) and the Sobolev’s inequality, easily leads to the large time behavior of the 
solutions, that is, (11.151) (resp. (11. 24m . 

Proposition 13.11 will be finished by the following lemmas. First, we give the basic energy estimate, 
which is nontrivially obtained, compared with the case of small initial perturbation or the far-field con¬ 
dition being a constant one (v,u,9). 


Lemma 3.1 There exist some positive constant Cq and <5q such that if S < So, it holds that 



(*) 





dxds < Co- 


(3.4) 


Proof: The proof of the Lemma l3Jl consists of two steps. 

Step 1. Similar to [6], multiplying (Hj])i by -R0(v 1 - V *), ([I3]) 2 by ip and CLU^ by (9 \ 
then adding the resulting equations together, we get 


^ + f?0$(^) + c„0$ 



M 0 ,2 

9v ^ x 


02 v ^ +H * 


Q = —ipRi — — R -2 

U 


(3.5) 


with 

and 


Since 


<&(z) = z - \nz - 1, z > 0 


£4 


H=(p- P+ W-p , 


Q =p+® 


u x 


v 

P+ 

7-1 


V 


kC, ( 9, 


0 ., 


V 


$ 


0 


U X + P ( 7 — y 


IpxUx 


(, s TT K0 a . K00 X / _ ^ | K@l 

e (p+ P)U X ff 2 v (Cx Q2 vV Cx(p+ e -2 vV C(p 

2 pU x pU x 

-tpxC + TTwC'c- 


9v 


P-0 
4 Qv ' 


Q < TTT.i’l 


9vV 

K0 

49 2 v 


c+c(M)(^+e)(\u x \+ 0 i), 


(3.6) 


(3.7) 


(3.8) 
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where C(M) denotes a constant depending on M. Recalling Lemma T2.11 we have 


Ri^dxds 


<0(1)6 I I (1 + s) 3/,2 e i+* \ip\dxds 


< 0(1)6 f (1 + s)- 5/4 \\i/j\\ds 
Jo 

<0(1)6 [ (l + s)- 5 / 4 \\-iP\\ 2 ds +0(1)6 

Jo 


(3.9) 


and 


j R2^dxds <C(M)6 (1 + s)- 7 / 4 


ds + C(M)6. 


(3.10) 


Then integrating (13.51) over K. x (0, t), choosing a = ^ in Lemma [PI and 6 suitable small, it follows from 
Lemma H2T2112.31 and Gronwall’s inequality that 




($ 


0 


«r+j£7 


tz. _|_ Ssl. ] dxds 
dv + d 2 V ' 


<C 0 + C(M)6 / / (1 + s)- 4 (cj) 2 + C, 2 )e~^dxds 


(3.11) 


< C 0 + C(M)6 j dxds. 


Step 2. Following |2'2I . we introduce a new variable v = —. Then m 2 can be rewritten by the 


new variable as 


At-r--^) ~Px = Ri- 


(3.12) 


Multiplying (13.121) by —, we have 
v 


± ^ 


2 V v 


Rd ( 1 


v t 


Rd 


v \ v 


^ -~Cx^ 


-R . V x 


V V 


V \0 0 

The Cauchy’s inequality yields that 


fix V’: 


+— ^^ 0,4 = - + V>*f4 - - T7 + Ri-Z-. 


V V 


1 1 


v V 


and 


Note that 


R r v x 

+ 

J^xUx ( T/ ) 

V V 


v) 


+ 




Rd 


4:V \ V 


V 

a , Vh 2 


<7T T +C(M) it. + lZ +C(M)rU 2 , 


d 2 v dv 




v V 0 d 


< 


Rd (v. 


4v V v 


Rl-x 


+ C(M)(C 2 Qi + Ri). 


^ - C(M)(j> 2 Q 2 x < ( ) < -3- + C(M)(f> 2 Q 2 . 


(3.13) 


(3.14) 


(3.15) 
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Integrating (13.131) over R x (0, f), we have 


f dx + y* J ^fdxds <C 0 + C||Vf 
+C(M)S 2 +C(M)J o J 

+C(M) J * j (</> 2 + ( 2 )(U 2 X + &l)dxds. 




c 2 


6v 9 2 v 


dxds 


(3.16) 


By Lemma 12.31 


(13. lip and choosing <5 suitable small, we have 


/ + i l- c ° +c(M) L / (S + A) "*■ 


(3.17) 


Then the proof of Lemma I7TT1 is completed by substituting (13.171) into (13.111) . and choosing S suitable 
small. □ 

In Lemma [3711 the smallness of 6 is used to guarantee that the basic energy (13.41) is only bounded by 
the initial data. Based on the basic energy estimate, we shall show the specific volume v and the absolute 
temperature 9 are uniformly bounded from below and above, which in turn decides how small for 6. That 
is why need the initial condition (11.141) . To prove Theorem ll.il we first try to get the uniform bound of 
v(x, t). We have 


Lemma 3.2 Let a±, «2 be the two positive roots of the equation y — lny — 1 = Cq and the constant Cq 
be the same in (170) . Then 


a i< / v{x,t)dx, / 9{x,t)dx < a 2, t > 0, 

Jk Jk 

and for each t > 0 there are points a^ft), bk{t) € [k, k + 1] such that 

ai < v(ak(t),t),6(bk(t),t) <a 2 , t> 0, 


(3.18) 


(3.19) 


where k = 0, ±1, ±2, 

Proof: From (13.41) . we see that 

rk+l 


r k +1 


(v(x,t)— \nv(x,t) — l)dx, / (9(x,t)— \nO(x,t) — l)dx < Co, 


(3.20) 


where v = jf, 9 = g, and k = 0,±1,±2, •••. If we apply Jessen’s inequality to the convex function 
y — lny — 1 = Co, we obtain 

pk+l rk -\-1 

Ik 


nk -\-1 rk-\-1 rk -\-1 rk -\-1 

/ v(x, t)dx — In / v(x,t)dx — l, / 9(x, t)dx — In / 9{x, t)dx — 1 < Co, 

Jk Jk Jk Jk 


which gives 


rk -\-1 pk -\-1 

a i< / v(x,t)dx, / 9(x,t)dx < a 2 , 


where ai, a 2 are two positive roots of the equation y — In y — 1 = Co- Moreover, in view of mean value 
theorem, for each t> 0, there are points Ofe(f), bk(t) € [fc, k + 1] such that 


0 < ax < v(a k (t),t),9(b k (t),t) < a 2 , t> 0. 
The following Lemma can be found in Jiang mi Lemma 2.3. 


(3.21) 

□ 
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Lemma 3.3 For each x £ [k.k + 1], k = 0,±1,±2, •••, it follows from (I1.1IF that 


where 


)(x, t ) = B{x, t)Y(t) + — [ 6(x, s)ds , 

M Jo B{x,s)Y(s ) 


B(x, t.) = v 0 (x) exp Q J (u 0 (y) - u{y , t))/3(y)dy 

Y(t) = exp \ — f f a{y,s)dyds\ , 
yh Jo Jk+1 J 


and 


<j(x, t) 



(x,t), 


/3{x) 


1, x < k + 1, 

k + 2 — x, k + l<x<k + 2, 
0, x > k + 2. 


By Cauchy’s inequality and (13.41) . we have 

BfCo) < B(x,t) < B(Cq), \/x e [k, k + 1], t > 0, 
where B_{Cq), B(Cq) are two constants depending on C 0 - 

Lemma 3.4 There are two positive constants y(Co), v(Cq) such that 

v{Cq) < v(x,t) < v(Co ), Vx e K, t> 0, 
where v(Cq), v(Cq) depending on Co, independent of x, t. 


(3.22) 

(3.23) 

(3.24) 

(3.25) 

(3.26) 

(3.27) 

(3.28) 


Proof: From now on, we always assume that for convenient. So from the properties of viscous 

contact wave, we have < Q(x,t) < 0 + and V- < V(x,t) < v + . For each t > 0, there exists at least 
one point x = Xk+\{t) £ [k + 1, k + 2] such that 

inf 9(x,t) =0(x k +i(t),t). 

xE[k+l,k-\-2] 


By Cauchy’s inequality, (13.41) . (13.181) . and choosing <5 suitable small, we see that 



< C 0 Vt — s. 


(3.29) 
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We apply Jessen’s inequality to the convex function e x , and utilize (13.dl) . (13.191) . (|3.29D to obtain that for 
t > s > 0, 


inf 0(-,T)dT= I 6(xk+i(r), r )dr = / exp ( \og0(x k +i{r), r)) dr 

x £ [/c - 1 - 1. k~ I - 2j 


> (t — s) exp 


= (t — s) exp 


= (t — s) exp 


t — s 


t — s. 


t—s 


log 0(xk+i(r),T )dr 


log 


■log0(6 fc+ i(r),r) 


6(x k+ i (r),r) 

0{bk+i(T),r) 

**+i(t) f) 

-fdy + log0(& fc+ i(r),T) 
bk+i(r) d 


dr 


dr 


> (t — s) exp logon — 


1 


t — s 


n 'HiW 

fc+i( T ) 


6, 


dydr 


Co 


> C(t — s)e ' . 

Noticing that 9- < 0 < 9+, so we have 


/ inf 0(‘,T)dr < { °’ , , 

J s xe[fc+i,fc+2] ( —Co(t — s), 


0 < t - s < 1, 
t-s> 1. 


Applying Cauchy’s inequality and Jessen’s inequality for the function -(x > 0), using (13.41) . 
noting that 


C 0 


we obtain 

r t r k +2 


C 0 , 0 < t — s < 1, t-s 

/~i t—s 4 . „ \ i 55: ^0 — i t ^ s ^ 0, 

Oq Cq ’ ^ ^ 


f r\(x, r)<Mr = f r -R s - + A) 

Js Jk+ 1 A Jfc+1 V V V V ) 


t rk+2 /2 


< c 

Is J k+l 

< Cn — 


<C 0 - 

<C 0 - 

<C 0 - 


2 


t r /c+2 


t r k +2 


cterir + /i 


Ft ft 

— / 

inf £ 

^ Js 

xe[fc+i,fc+2] 

r r l 

- / 

inf £ 

^ is 

xe[fe+i,fe+2] 

J? 

- f inf 


s J k+l 
pk+ 2 

/ 

/fe+1 


s J k+ 1 


U x 




dxdr 


n k ~|-2 
+ 1 


2o 2 u+ 
t — s 

~oT' 


(/' udxj dr + C(M)S(t — s) = 
[ inf ddr + Clf — s) 5 

x£ [fc+1, Ac—|—2] 


It follows from the definition of F(f) and (13.331) that 


0 < y(t) < C 0 e~ t/c °, ~~r\ < Coe- {t ~ s)/Go 

1 (s) 

which, together with (13.221) and (13.271) . gives, 

v(x,t) < Co + Co f 9(x,s)e~^~ s ^ c °ds. 

Jo 


(3.30) 


(3.31) 
(13.311) . and 

(3.32) 


(3.33) 


(3.34) 


(3.35) 
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On the other hand, we have 


r k +1 


\9 2 (x,t) - d 2 (b k {t),t)\ < / d 2 \O x \dx < 

Jk 

_i r k + 1 | /-fc+i 

<d_ 2 / ^ dx + C(M) / ICBzIdr 

Jk Vd Jk 


fc+1 


0 


C0, 


Q2 


da; 


< 6L 


< dl 


f k+1 

Ik d 2 v 

[ k+1 cl 

L 8 2 v 


r fc+i 


r k +1 


da; 


dx 


Ovdx + C(M) 


lQ 2 x dx 


rk+l 


r k +1 


9dx\ max v(-, t ) 2 + C(M) 

I xe[k,k+i] 


C 2 &ldx 


< 


a 2®+ f [ l^-dx J max ^v(-,t) = + C(M)( / ( 2 0 2 dx j for x€ [k, k + 1] 


6L 


and k = 0, ±1, ±2, • • •, which, along with (13.191) . leads to 
oqd_ a 2 / r s-2 


- a 2 W~ ( [ Jf-') ma xv(-,t) - C(M) [ </ 2 <d 2 

9- \J R 6 2 vJ xet Jr 


< 0(x,t) < 3a 2 0 + + 3a 2 -J- ( [ max v(-, t) + C(M) [ C, 2 G 2 X , Va; <E R. 
9- \J r 0 v J xgr J r 

Hence, substituting (13.371) into (13.351) . applying Gronwall’s inequality and (13.dl) . one has, 

v(x,t) < C 0 , Va; G R, t> 0. 

Integrating (13.221) over [k, k + 1] with respect to x, we obtain 

V-ai <Coe~ t J c °+Co / —t- r [ 8(x,s)dxds 

Jo Y(s) J k 

< C 0 e "*/ c ° + C 0 f yj$-ds. 

Jo Y is) 

This directly yields that 

f ^\ds> C 0 -Coe-^. 

Jo * 0) 

From (13.41) . (13.221) . (13.371) . (13.381) and (13.401) . and choosing 5 suitable small, we have 


j(x,t) > C 0 [ ^prd{x,s)ds 
Jo Y \s) 


>C 0 


m 

Y(s) 


r t/2 


ds — Cq 


+ 


0 

2cv2, 


r*) m f c i 
t /2 J Y (s) J e 2 ; 


■dxds 


—C(Cq, M) / / ( 2 G 2 dxds 


>C 0 - C^Co)e~ t/Co - Coe-*/ 200 J J dxds - C 0 J J j^dxds 

^ Co/ 2, Va; €= IR., t ^ Tq, 


(3.36) 


(3.37) 


(3.38) 


(3.39) 


(3.40) 


(3.41) 


where C'i(C'o) is some positive constant depending on Co, and To, Co are positive constants independent 
of t. 

Next we consider the lower bound of v(x,t) on [0,T] for a positive constant T > 0. From [14], for any 
x € [k, k + 1], k = 0, ±1, ±2, • • •, it holds that 


v(x,t) = 


Y(t)B(x,t ) 


r>o(a;) 4-- f Y(s)B(x, s)9(x, s)ds 

d Jo 


(3.42) 
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where 


and 


Y(t) = 


Vo(ak(t )) 
v(a k (t),t) 

'l 


B(x, t ) = exp 


, r r e, .. 

exp — / -{a k {t),s)ds 

h Jo v 


- u{y,t))dy 


^ Ja k (t) 

with a k (t) is the same as in (13.1911 . It follows from (13.421) that 


Y(t)v(x,t) = 


B(x, t) 

Integrating (13.431) over [k, k + 1] with respect to x, we obtain 

aiv-Y(t) <C 0 + C 0 f Y(s) 


vo(x) 4-- f Y(s)B(x, s)9(x, s)ds 

h Jo 


(3.43) 


ffc+i 


9(x, s)dxds 


(3.44) 


< Co + Co / Y ( s)ds 1 

Jo 

which, together with the Gronwall’s inequality, yields 

Y(t)<C(C 0 ,T). 

Then from (13.421) . one has 

v(x,t) > ^ > C(C 0 ,T), 


Vx € 


Y(t)B(x , t) 

which, together with (13.411) and (13.381) , completes the proof of Lemma 13.41 


□ 


Motivated by mi. we shall show the uniform bound of the absolute temperature 9 from below and 
above with respect to space and time. We have 


Lemma 3.5 There exists some positive constants Cq such that for any given T > 0, 

sup f(( 2 +i p 4 )dx+ [ [((9 + 'if 2 )if 2 + ( 2 )dxdt < C 0 . 

o <t<T J Jo J 

Proof: The proof of the Lemma H 1.51 consists of the following steps. 

Step 1. First, for t > 0, and a > 1, denoting 


(3.45) 


tta{t) = l X G 


0 


(i,()>di = {i6 R|£(a;, t) > (a — l)0(:r, t)}. 


$ 


dx < C(a, Cq). 


(3.46) 


We derive from (13.41) that fl a is bounded since 

a|fl a | < sup f prdx < C(a) sup f 
o<t<TJn a 0 o<t<T Jr 

Next, multiplying m 3 by (C — 0)+ = max{( — 0,0}, then integrating the resulted equation over 
R x [0, t], one has 

y J(C~0)+dx + K J J ^-dxds = y J((o{x) - @(x,0)) 2 + dx 


‘ rRC + m MC-eudsds-f f*-** 

</>0 2 ° 


+ K 


' 0 j 0,2 


V 

C.T.'0a 

V 


dxds — k 


0 J O2 


vV 


dxds + y, 


Ux(( — Q)+dxds 

rP 1 

— (C — Q)+dxds 
v 


(3.47) 


+2p J J— — -(C — Q)+dxds — p J J ^ y (C ~ &)+dxds 


R 2 (C — Q)+dxds — c„ 


d t Q(C ~ Q)+dxds. 
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We multiply (13.11) .-. by 2ip(C — ©)+, and integrate the resulting equation over R x [0, t] to get 

J ip 2 {( ~ Q)+dx + 2fi J J -^-(C - Q)+dxds = J tpo( x ){Co{x) - 0(x, 0))+dx 


+2 


—2 


r R C P+i^_Q) dxds + 2 [ [ ^ P+<t> ^ X dxds 

Jo J n, v 


o J n 2 


f f —-— 'i/jQxdxds + 2/j. [ [ ^ x tp x {C ~ 0)+dxds 
Jo Jn 2 v Jo J vV 


— 2/Li 


+2/i 


-2 


0 JQ.2 v 

^^dxds + 2n rt 
o Jn 2 v 


o J o 2 


o 

<M>Ux 

vV 


C X dxds 


^ xQx -dxds - 2fi f [ ^ U x B x dxds 


o J n 2 v 


vV 


Jo Jn 2 t 

ip R i(C — Q)+dxds + f f ip 2 d t (dxds— f ( tp 2 d t edxds. 
Jo Jn 2 Jo J o 2 


Adding (13.481) into (13.471) . using (13.1I) : >. we have 


J (^-{C — ©)+ + V ,2 (C ~ ©)+) dx + n J j — (£ — Q)+dxds + k J J —dxds 
= j (y(Co(z) - ©(z,0))++^o(z)(Co(z) - ©(z,0))+) + ^ J 


RC - 2p +( p - RB 


V>x(C - 


R( - p + (p 


U x { C — 0)+dxds + k 


’ 0 J 0 2 
7-2 


C*© a 

v 


■dxds — k 


<P®\ 


0 J 0,2 


vV 


■dxds 


+2/i i / ^(C - Q)+dxds - P l j ^r(C-®)+dxds + 2 ^ 

IpIpxC 


R C - p+(p 


-2 


0 J 0 2 


C — P+4* ij,Q x d x ds — 2p 
v Jo Jn 2 v 


+2/r 


ipipxQ* 


dxds — 2p 


0 JO.2 


/ o j o 2 

rt 


vV' 


-dxds + 2 fj, 

r t 


o J n 2 v 

<WU 


ip Cx dxds 


o Jn 2 


vV 


Cxdxds 


U X Q X dxds — 2 


>o 


i?2(C ^ Q)+dxds — c v 


d t Q(C ~ Q)+dxds — 


ipRi(C ~ Q)+dxds 


ip 2 d t Qdxds 


c v Jo J0.2 




2 / + 2 tp x U x (pul 


vV 


dxds - 


/ o J o 2 
1,2 \ 


ip 2 R2dxds 


Jo J n 2 


r\ 


f RC + RO RC — P+4> 


-ip. 


c v Jo Jn 2 

U x ) dxds H—- 

c v Jo J fi 2 
20 


| — _ ^2. ) dxds 

' v V 1 


n 

J (y (Co(*) - ©(*, 0))+ + ipo( x )(Co( x ) - ®( x , 0))+) dx + U- 


We will estimate (13.491) term by term. Recalling (13.41) . (13.281) and (13.461) . it holds that 


\h\ = 


RC - 2 P+( p - Re 


ipx{ C — e)+dxds 


< 








Jo I tf (C-0)+(MS + Co f 0 f (C 2 + <P 2 + 1)(C - Q)+dxds 
^(C- e )+dxds + CoJ o J(c 2 + </> 2 C)(C - Q)+dxds 
— (C - e) + dxds + C 0 j f (C + J> 2 ) fc — tj©') dxds 


< 


< 


T / f —(C—®)+dxds + Co [ maxf^—^0^ [ (C + (p 2 )dxds 

4 Jo J v Jo x6R V 2 / + 

11J v K - e) * dxds + c » l s (< - H. *■ 


(3.48) 


e)+dxds 


(3.49) 


(3.50) 
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It follows from (12.31) . (13. 41) . (13.171) and Cauchy’s inequality, one has 


1-^2 | + \ h \ + 1 -^ 41 

< Co [ f (0 2 + C 2 )\U x \dxds + k 


o J o 2 




V 


002 


vV 


dxds 


J / / ^dxd S + C 0 f ({cf+ C, 2 )(\U x \+Q 2 x )dxds 
° Jo j 0.2 v Jo j 

* f f £ 

8 Jo Jn 2 v 


dxds + Cq ■ 


Similarly, 


1 -^ 51 + 1^61 + |/ l 0 | + 1-^111 + 1-^121 

< Co [ f - ’fdxds + J f f ^dxds 
Jo J 0 8 Jo Jn 2 V 

+C(C 0 , M) j /(0 2 + 0 2 + C 2 )(U 2 + e 2 x )dxds 


<1 ( [ ^dxds + Co- 

8 Jo J o 2 v 

By Cauchy’s inequality, (13.41) . (13.281) and (13.461) . it holds that 

I-Z7I < ^ / f — dxds + Cq [ [ (C 2 + (j) 2 )^ 2 dxds 
8 Jo Jn 2 v Jo Jn 2 

f f — dxds + Co f f (C 2 0 2 + 0 2 0 4 + <ft 2 )dxds 
Jo ^ Jn 2 v Jo ^ Jn 2 

[ [ —dxds + Co [ f (C 2 (0 2 +0 2 ) + 0V)tfeds 
J 0 JO 2 ^ J 0 J Os> 

ci 


< 


< 


K 

< - 


10 Jn 2 L ’ Jo J n 2 

[ [ ^dxds + Co 

' 0 JO 2 ^ J 0 J o 2 

pt r /*2 pt 



C - ^0 ) (0 2 + 0 2 ) + 0 2 0 4 ) dxds 


< 


< 


fi + (s(' ; -5 e ) + + -a' i4 ) l^ ,+ ^ dxds 


0 J O 2 


** x -dxds + Co [ ( max (C — -0 ) + rnaxU 4 I ds. 
V Jo \ zGR \ 2 / , rcGR 


Similarly, one has 


|/ 8 | <c 0 f f (Jj 2 + (0 2 + C 2 )Ql)dxds 
Jo J n 2 

< Co [ [ (c 2 4> 2 + (0 2 + ( 2 )@l)dxds 
J 0 J 0,2 

pt 


< 


Cq J max — ^0^ J i^dxds + Co J J (0 2 + ( 2 )Q 2 dxds 

< Cq [ max (c, — 7-©^) ds + Co- 


:rER 


Using Cauchy’s inequality, it holds that 

1 | K 

\h\ < r 


« /* r c 2 


— dxds + Cq / / 0 ij 2 dxds. 

0 J n 2 v Jo 


Recalling Lemma 12.11 (13.41) and (13.171) . one has 


I-U 3 I + 1-^141 + I-U 5 I + I ^161 + 1-^181 

< CS J J (1 + s)^ 1 (0> 2 + ( 2 )e~ 1 + s dxds < Co- 


(3.51) 


(3.52) 


(3.53) 


(3.54) 


(3.55) 


(3.56) 
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By Cauchy’s inequality, and using (13.41) , (13.171) and Lemma 12.11 we obtain 


\In\ < C 0 J J^l + ^ x llU x \ + mU^ xd s 

< Co J J W’Vx + V > 2 Ul + -tp 2 \<p\U 2 )dxds 

< C 0 J J ip 2 tp 2 x dxds + C(C 0 , M) II ip 2 U 2 dxds 


<C 0 j \ ip z ip z x dxds + C 0 - 


(3.57) 


Similarly, 


|/19| < [ [ CC’V 2 + ip 2 ( 2 + V> 4 |£ 4 | + (C 2 + 4> 2 )\U x \)dxds 
J 0 Jflo. 


' 0 J £1-2 

<cj I vr,dxds + C„ I max 1C - §6 


ip 2 dxds 


max')/’ 4 / \U x \dxds + Cn 
16 K J 


< Co I I ip z ip 2 dxds + Cq I I max ( C — ^0 1 + maxip 4 ] ds + Co- 

XGt V 2 / | icER 


(3.58) 


Finally, for 


1, 2 > ??, 

fv( z ) = { z hi 0 < 2 < T), 

0 2 < 0. 


(3.59) 


Integrating by parts shows 


K 


2 I U X 


ho = - / r 

Cu Jo Jn -2 \ v 

K 


©x 

V 


!im / [ ipr,( C-B )^ 2 
-> ’ u + Jo J 


C v ?7^-0+ j q 

/ J v 

Cjy Jo Jn 2 


dxds 

Cx - 0 :, 


dxds 


2 / 20J, 0 X i A r l . r 2 

-- y - I «*«s — / 2n + 1-20 ■ 


(3.60) 


We have 


r 1 — _ 
-<20 — 


2k 


lim 


Cv 77 —> 0 + 


^77 (C — Q)lp 1 p: 


Cx — ©a 


■dxds 


K 


< C 


SsJJ< i( ~ e) 

IV’V’xCxI + IV’V’x© 


V’ 2 (Cx-Bx) 2 


Cy tj— >0+ J Q 

rt 


dxds 


V 

^-dxds 


v 


/0 Jn 2 

< -x f [ —dxds + Co f f ip 2 ip 2 dxds 

° Jo j fi 2 W do J 

rt r , 1,2 


+ 


< 


I J + C(Co, M) J J ip 2 Q 2 dxds 
c 2 


-dxds + Co 


0 J n 2 


1 0 
/,2./,2 


ip ip 2 dxds + C 0 , 


(3.61) 
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where in the second inequality we have used both tp v (z) € [0,1] and <f'Az) > 0. Similarly, 


T 2 — 
1 20 — 


r 


^ do J n 2 


~ y ~ + v 2 


dxds 


<C 0 JJ ip 2 (\Q xx \ + Q 2 x ) + i/j 2 \(l) x \\e x \dxds 

< Co + Co j max-0 4 |0a:|da;^ ds + C(Co,M)6 J J ^^-dxds 


(3.62) 


< Cq + Cq / max-i p^ds. 
J n 


Noticing that 


[ [(Wl + £)dxds = [ f (9ipl + £)dxds + f f {6ip 2 x + C,l)dxds 
Jo J Jo ht>2et do drc<2©> 


< 


< 


/0 J {£>20} 

r* 


/0 d{C>20} 

I^C + Cb^) dxd s + 

2 V / 


0 2{£<20} 
t 


0 2{^<20} 

f + gW 


/ / (tol%{{-e) + Co^)dxda + C [ j 0)f + lW 

do d{c> 2 e} V / do d{c< 2 ©> v 0 0 7 


(3.63) 


'{ 020 } 
rt /■ /„/,2 


< c 0 


2i(C-0) + + ^ ) dxds + Co. 
/o dn 2 V v v 1 


Substituting the estimates (13.501) - (13.621) into (13.491) . and using (13.631) . we have 
/(C- ©)+rfa; + J J{Oip 2 x + Q:)dxd.s < C 0 

+Co l (s ( c - H + + S <1 ‘) * + Co l J 


(3.64) 


dxds. 


Step 2. To estimate the last term on the right hand side of (13.641) . we multiply (13. lL by ip 3 , and 


integrate the resulted equation over Ex [0,f] to get 


- / ip 4 dx + 3/r 


dxds = J j ipodx + 3 R 


(pip 2 ip x 


dxds 


-3 P+ 


*f*ldxds + 3„ '* 


,./.2„/. / / n „,,3 


1>V 


■ip ip x dxds — 


R\ip A dxds 


(3.65) 


- / ?/;o dx + ^2 -/x- 


4=1 


It follows from (13.41) and (13.281) that, 
|Ji| = 3R 
< M 
+ 


(ip 2 ip x 


dxds + 3 R 


o d{c>©} v 
f ip 2 ip 2 

/ / -t—^dxds + C 0 

'o d{c>©} w 

■t c rt 

,2 


(p1p 2 1p a 


dxds 


o d{{<0} ^ 

(p 2 ip 2 dxds 


< d 


>o d{c<0} 
ft / '0' 2 € 


ip 2 dxds + Cq 


a 


o d{c>0} 

C” 2 ip 4 dxds 
2 


o d{c<©} 


io J v 

rt 


dxds + Cq I max ( ( — —0 


+ 


+C 


l 


o d{c<©} 


dxds + Cq max ip 


l6i 


< 9 


II 


1p 2 1p 2 


xSl 


1 


'{C<©} 
2 


ip 2 dxj ds 
( 2 dx J ds 


(3.66) 


dxds + C 0 max ( 0 — -0 + max ip \ ds + Q 
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Recalling (13.41) . (13.28j) . and using Cauchy’s inequality, it holds that 


IJ2I — £ J J ^xdxds + 0 (£ _1 , Co) J J <j ) 2 ip 4, dxds 

<eJ J ip 2 dxds + C{£~ x ,Cq) J max ^ 4 (^J cj) 2 dx^ds 

<£ / ip 2 dxds + C(£~ x ,Cq) / ma,xip 4 ds. 

Jo J Jo a:6R 


From (I3.4|l . (12.31) and (13.171) . one has 


IJ 3 I < n j j ^ dxds + Co / / (p 2 J) 2 U 2 dxds 


< 


H J J ^-^-dxds + C(Cq,M) J J (p 2 U 2 dxds 


t r „/,2„/,2 


<HI j ^^dxds + Co- 


By Lemma [2711 (13.41) . (12.31) and (13.171) . we have 


|J4I <0(1)5 j J(l + s) \ip\ 3 e 1 + a dxds 
0 " t ' ;2 _£ 1£ 2 


< C(M)6 / / (1 + s)- 1 'i/j 2 e- — dxds < C 0 . 


/o 


Putting the estimates (13.661) - (13.691) into (13.651) gives 


ip^dx + [ j ip 2 ipxdxds < Co + Cq£ j j ip 2 dxds 


1 0 
.-1 


1 


+C(e ,Co) / max ( (— -0 -fmax^> ds. 

/q y xgm y 2 J xgm J 


Noticing that 


2 / / ^dxds < j [ dxds + / / Q^dxds < Co + Co / / O^dxds. 


/o j jo J w jo 

Combining (|3.64) ) and (|3.70|) . choosing e suitable small, we have 

r t 


/o 


J ((C - ©)+ + J (O 0 2 + 0 )V’ 2 + O^zds 

< 00 + 00 [ | max (( — 1©^ + max?/' 4 | ds. 

Jo V zgr \ 2 / + ®eR J 


(3.67) 


(3.68) 


(3.69) 


(3.70) 


(3.71) 


(3.72) 


Step 3. It remains to estimate the last two terms on the right hand side of (13.721) . For x £ 

- c f( c ~l Q ) (l&l + l 0 *!)^ 

- E /( C "5 e ) + “ x + ?/<>t) (^ + ^ Ul 


<i t ,|C-IoVc* + 2/g* + £ 


e J 6 £ J{ Of} 


( 2 0 2 x dx 


1 


< 3emax ( £ — -0 ) [ Qdx 4—- / 4— - f <J 2 Q 2 dx 

- xmy 2 ; + y K>f} s £ J e 

< eO 0 max ( £ — ^0 ) +— [ %da; + — [ £ 2 0 2 dx. 

- zGR \ 2 /+ £ J 9 £j 


(3.73) 
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This yields 

^ = 
< £ 


max ( C — 
xer ' 


<C 0 j C fdx + C 0 J ( 2 0 2 x dx. 


(3.74) 


r 

j —c 


4 r ilf'il) x dx < 4 


/ \ip\ 3 \ip x \dx+ 4 / \i/j\ 3 [ip x \dx 
>{ C>e> %<©} 


>{ C>®} 


|V’| 5 V / 0da 


C 


£ j {£>©} ^ 




i/rQdx 


< e max ip 4 [ (ip 2 + 9)dx + Cemax^i 4 [ ip 2 dx + — [ ip 2 (^ J dx 

*6 R i{C>0} ^6 R 7{C<0} Ei Vv^ 0/ 

C 


{£<©} 
{C<©} 


C 

£ Ac<©} 




dx 


(3.75) 


:r£]F 


< eComax?/; H-/ I —p + - dx, 


H\ 


1 




which directly gives 


maxi/’ <C 0 I ip x \ -j= + - ) dx. 




1 


(3.76) 


Substituting (13.741) and (13.761) into (13.721) . recalling (13.41) . (12.31) and (13.171) . and choosing e suitable small, 
it holds that 

sup [((( - Qf + + ip 4 )dx + [ [{{ip 2 + e)ip 2 x + Qdxdt 

0 <t<T J Jo J 


< Co + Co 

<Co + \j 

— Co + 77 I 


C 


’V’x 


\M 


+ 


i 


0 1 rx We 6 

(fi x -f~ ip 2 ip 2 )dxdt -p Co 


dxdt 


| + f I dxdt 


(3.77) 


From (1X411 . (1X451) . we have 


and 


(Cx + ip 2 ipx)dxdt. 

( 2 dx <C f <f> ( ^ ) dx < C 0 , 


/{C<20} 


f Cfidx < 4 / (( — 0) 2 dx <4 f (£ — Q) 2 + dx. 

2{C>20} d{C>20} J 

Thus combining (I.3.77M3.79I) . the proof of Lemma 1X51 is completed. 


(3.78) 

(3.79) 

□ 


Lemma 3.6 Suppose that £ X([0,T]) satisfies 6 = |0+ 


e~\ < <5q with suitable small So, it holds 


sup 

o <t<T 


(4>x + i’x + (i)dx + 


[dcpl + ip 2 xx + C lx)dxdt < Co- 


(3.80) 


Proof: Due to (13.41) . (|3.28l) and (13.451) . some terms of (13.131) can be considered more carefully, that is, 

V>X 


(3.81) 


R „ v x 


, tt ( 1 1 \ 


+ 

YxU X 1 — ) 

V V 


\v V) 


< 


R8 ( v 
4v 


+ C 0 $ + CoiPl + Co<P 2 U 2 


e 


R0 


4v 


c 




<-r- +Co Cx + ^ + ^x + ^tt )+CoPU£. 


e 12 


e 


The other terms in (13.131) can be estimated the same as in step 2 in Lemma |XTJ Integrating (13.131) over 
R x (0 ,t), recalling (13.41) and (13.451) . we have 


sup 

o <t<T 


4> x dx + 



9(p 2 dxdt < Co- 


(3.82) 
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Multiplying (I3.1IL by —ipxx , integrating the resulted equation over R x (0,£), and noticing that 


(p~P+)x = 


RC, — p+<P\ RC,x-p+(t>x RC,-p+ 4 > RQ-p+<p 


V x . 


K 


RQ X R 04 > x RC, — p+ 4 > 


V V* 


Then we have 


€ 

2 

~l l 


^ +< ‘Uir M, = }‘x lh+ U{ 

Chd) 


RCx R0<Px RC-p+(p ir i 

2 *x ) yJxxdxcLs 


v v* 


ipxxdxds + /i 


Ux _ Ux 
V v 


(3.83) 


ipxxdxds + / R\ip xx dxds. 


In the following, each term on the right hand side of (13.8311 will be estimated. From (12.31) . (13.45|1 and 
(13.8211 . one has 

rt r / RC, X R8cj) x RC, — p+4> 


< 


< 


< 


P 


P 


P 


V V* 

2 

xx 


v x ipxxdxds 


V'z 


V 


dxds + Co / / Q + 0 2 r x + ir + C)Q 2 x dxds 


'0 


^^-dxds + Cq + max# / / 0(j) x dxds 


(3.84) 


ip\ 


io 


^dxds + Co + Comax9. 

V x,t 


By Cauchy’s inequality and Sobolev’s inequality, and recalling (13.41) . (13.451) . (13.711) and (13.821) . we obtain 




ipxxdxds 


< C 


’0 


'*px4 ) x' i pxx 


^Px^x^Pxx 

v 2 

+ 

v 2 


< d 


< d 




< d 


ip 2 

zzzdxds + Co 
o.J v 

^dxds + Co I 
o t J l ’ o, 

4 ' 4> 2 [ l 

-^dxds + Co \ 
t- V Jo 

^2.dxds + C 0 I I ip 2 dxds 

2 


dxds 


^l4>l + ipl@ 2 x dxds 


x\\l°° II Vx || ds + C 0 I [ ip x dxds 


x Mil Yxx 


i 0 


Hds + Co J J ip^dxds 


< 


a [ [%x 
4 Jo J V 


dxds + Cq- 


(3.85) 


Similarly, 


Ux _ Ux 
V V 


ipxxdxds 


= P 


= P 


< 


< 


< 


C'xx Cd xx dd-j- I 7 f.‘ ^ x d-dx 


V v 


V 2 


cpUxx _ TT „ <K<f> + 2V) , (PxU 
((zb 




vV 

2 

xx 


V 2 V 2 




ipxxdxds 

ipxxdxds 


dxds + Co I I 0 f{U 2 xx + 0 2 £/ 2 ) + 0 4 C/ 2 0 2 + (p 2 U 2 ) dxds 

t 


J f ^f idxds + C o + C(Co,M)6 2 J J Ocpldxds 
u 

/ / rajai 


-dxds + Cq, 


(3.86) 
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and 


Riipxxdxds 


< 


| J J %■ dxds + C 0 I I Rjdxds 


< 


< 


a r [rtx 
8 Jo J v 
v j f V’L 
8 J 0 J v 


o J v 

2 rt 

2 


dxds + CoS 1 I I (1 + s) 6 e 1 +‘ dxds 
dxds + Co ■ 


(3.87) 


Substituting (13.841) - (13.8711 into (13.831) shows 


sup / i/j x dx + / / ipxxdxdt < Co + Co max 61 

o <t<T J Jo J x - t 


(3.88) 


Multiplying (13.1l) o by — then integrating the resulted equation over 1R. x (0,t), we have 


y JCxdx + nJ J ^Z-dxds = y j (l x dx + J J (pu x - p + U x )( xx dxds 


— K 


£ xx dxds — k 


x 


Ox _&x 

V 


v 


C,xxdxds 


X 


v? U 2 \ C f ~ 

C xxdxds + j j R^Cxxdxds. 


(3.89) 


We will estimate (13.891) one by one. First, we have 


(p^.r P \ Cx ) Cx x dxds / / | tp x 4 “ " Ux ) C xxdxds 


10 


K 

< - 


c 2 


V 


10 J v 

« /“ /■ c 2 


V 

x2 \ r r2 \ 


+ Co / J (r^ + (^ + C)U x )dxds 

< — I J ^^dxds + Co max 6 J J 9ip 2 dxds + Co J J (</> 2 + ( 2 )U 2 dxds 

°t J r C 2 *’ 0 ° 

+ Co rnaxd + C 0 . 

/Q j V X,t 


K 

< - 


(3.90) 


It follows from Cauchy’s inequality, (13.451) and (13.821) that 


— K 


C xxdxds < C 


I Cc Casa; I 4 “ | Cx: Cx 


-dxds 


> o 


tr 


K 

< - 


—dxds + Co / / C 2 C + 

lo J v Jo J 

ft r rt 


< 


< 


^ f f ^cx dxds + Co sup ||^ x ||2 f ||() x ||||C xx ||ds + Co f f Cdxds 
8 JO J v o <s<t Jo Jo j 

^ Jo J ^f dxds + C ° J IK*IIIK**||ds + Co 


< 


c 2 

^dxds + Co. 


(3.91) 
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Recalling Lemma 1)01 and (13.451) . and choosing 6 suitable small, we have 


Bx _ 0* 
v V 
B.,, « 


c xxdxds 

0 :/■ Vx 0.'/: Lf: 


XX W XX ^X U X . ^X V X 


V 


V 


V 2 


( xx dxds 


~(/)Q xx (j> x Q x </>(</>+ 2R) 




v 2 V 2 


Bx^x I Cxxdxds 


< 


< 


K 

< - 


J J ^fdxds + C 0 j J^\Ql x + Qi) + 4>lQl + 4> A Qi)dxds 
J J<fdxds + C 0 + C(C 0 ,M)S 2 J J 9^ 2 x dxds + C(C 0 ,M) J J (/) 2 <d 4 x dxds 


C 2 

^dxds + Co. 
v 


Similarly, 


K 

< - 


K 

< - 


< 


< 


<_Ul 

v V 
*2 


■r/ 


+ 2ip x U x cj>Ul 


vV 


C xxdxds 


Cxxdxds = -/r 

^fdxds + C 0 J* J (V4 + €U X + <t?Ut)dxds 

[ f—dxds + C 0 f \\ipx\\ 3 \\tpxx\\ds + C 0 

Jo j v Jo 

f / + f ftp 2 x dxds + Co sup ll^xll 4 / / V 'ldxds + Co 

Jo J v Jo j 0 <s<t Jo J 


^-dxds + C 0 max0 2 + C 0 , 

V x,t 


and 


R 2 C, xx dxds < - I I ^dxds + C, 

t 


R 2 dxds 


< 


1 jo j ^ dxds + C 0 6 2 j(l + s)-*e-^dxds 


K 

< - 


c 2 

dxds + Co. 

V 


Substituting estimates (I3.90I) - (I3.94I) into (13.891) shows 

sup [ C x dx + [ [ Cxxdxdt < C 0 + C 0 max# 2 . 

0<t<T J Jo J x ’* 

By Sobolev’s inequality and (13.451) . (13.951) . we have 

IICIl!»<qKIIIKx||<Co + C' o max0. 

X,t 


Noticing that 
This yields 

which, together with (13.821) , (13.881) and (13.9511 , completes the proof of Lemma 13.61 


max 9 2 < 2 max (y + 2 max 0 2 < Co + Co max 8. 

x,t x,t x,t x,t 


maxd < Co, 

X,t 


(3.92) 


(3.93) 


(3.94) 


(3.95) 


(3.96) 

(3.97) 

(3.98) 
□ 
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Finally, it follows from (13.45j) . (13.801) and equation (13.11) .-, that 


f* + OO 


IIC.II 1 




dt < C 0 , 


which, together with the Sobolev’s inequality gives 

lirn HCIlloo < C lim ||C||||Cs|| < C 0 hrn ||Cx|| = 0. 

£—>•00 t—tOO t—> OO 

Hence there exists some Tq > 0 such that for all (x, t) £ K x [To, +oo), it holds that 

9- 9+ 

This directly yields, for all (. x,t ) g R x [To,+oo), 


and 


= e + C>0--T = T- 


e = e + c<e + + e -± = ™±. 


Finally, it follows from (11.11) .-, that, 


Rd u x k 9 X 


K V X V X 


C v V Cv V C v V 


2 — 


> 0. 


Define 


We find 


9 = 9 exp 


R 


'V JO 


ds I . 


— K 9 XX 


9 X 


c v v c v v 




RO / 

Cv V 


- — ) > 0. 

v 


By the minimum principle of the parabolic equation, we obtain 

which directly yields 


inf 9 > inf 9 

X,t X,t 


= inf 9q > m.g 1 , 


t=0 xE 


(3.99) 


(3.100) 

(3.101) 

(3.102) 

(3.103) 

(3.104) 

(3.105) 


inf 9(x, t) > nig x e c * 

X,t u 

> nig 1 e~ Co lliMU“ , +ll [, a>IU° od » 

> m~ 1 e~ Co ^o IIV’<rll 1/2 IIV’**ll 1/2 e -c , o/o \\u x \\ L aods (3.106) 

>m^e- Co /oll^ll 1/2 e- c °*‘ 

> mg 1 e~ c °( t3/4+St ' > > C 0 e~ Cat . 

Thus from (13.1001) . we have 9 > min{%, Cge~ c ° T °} for all (x, t) £ lx (0, +oo). By Lemma l3Tl 13.41(3761 
Proposition 13. II is completed. □ 


4 Proof of Theorem 11.2 

It is sufficient to show the same a priori estimate as Proposition l3.ll Noticing that (V±, U±, 0!j_) satisfies 
Euler system (11.31) and ( V cd , U cd , Q cd ) satisfies (ll.ll) 1 (11.71) . we rewrite the Cauchy problem (II. II) (II.2D as 

4>t ~ i>x = o, 

< - pu (e x Qx\ 

Cv Ct + P U x - PU X = K-— + H 

\ V V ) x 

= 0 , 

, = {(/)o,^o,Co){x), x £ K, 


u r U x \ ^ 

— - -TF I + G, 
v V 


(4.1) 
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where 


RQ „ 


R& 

P = - P-4- = - 

V ’ ± VI 


F = (P_ + P+ - P) a 


U x 

1 f 


— u cd 

u t ) 


and 


G = (p m — P)U^ d + (P_ - P)(UL) X + (P+ ~ P){U+)a 
uf fe x e c x d \ 
+ »v +K {v-v^) x - 

Similar to Lemma Hi. 11 the following key estimate holds. 


Lemma 4.1 For (<j>,ip,C) € X([0, T]), we assume (11.201) holds, then there exist some positive constants 
Go and <5q such that if S < So, it follows that for t £ [0, T\, 


'*( e) I (*) 


0v 9 2 v 


dxds 


l f P (* (^) +^(v)) (( U -)* + ( U +)*) dxds < C 0 


where Go denotes a constant depending only on pi, n, R, c„, v±, u±, 9± and mo- 
Proof: First, multiplying (14. ll) 2 by ip leads to 


ip 2 

T 


(p - P)ip - n ( — - % ) ip 


-RQ I - - i 


.v V 

Next, we multiply (14.11) ,, by to get 


R( , 

rr IT - Wx 

. v V ) \ x v 

•t + pi— + (*(-- T?) Uxlfx = Ftp. 
v \v V 


R CCt 

7 — 1 9 

©c 2 


9 X 


©s\ C 


V 9 


4- ifx + (p — P)U X - 


, - ,u. CxC&x (f>Q x O( x , <P(@i 

+K Wi 7" ~ K ~^vv~ + K WvV 

M du ~ 2/i + ^9vV ~ G 9 


Noticing that 


- P© I - - ^ 


<Pt = 


P0$ 


("'ll _ se,* (-) + 

VTG/J * VF/ vF 


CCt 

(9 


0$ 0 


©t$ I ? 


red 


-p©t = (7- i)P-(t/:)x + (7 - i)p+(p;)x 

= (7 - 1 )P(U r _) x + ( 7 - l)P(C^)* + (7 - 1 )(P- - P)(Uf) a 
+( 7 - 1)(P+ - P){U+) x -p m Uf, 


and 


where 


-P0,$ 


(f) 


uF 7 — 1 


0 


c 


© t $(-)+(p-P)G4 


= Qi({UL) x + (Ul) x ) +Q 2 , 

Qi =(7-l)P$(^) + ^ r -P$(r.) + l(p-P) 


uF 


= P 


£)Mf))- 


0 


c, 


9 


(4.2) 


(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 
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and 


Q 2 = u ; 


° d i At _ p m (j) (— 

vV p vv 




+( 7 -l )(P_-P)(ET) 

+( 7 -l )(P + -P)(U r + % v * 
Combining (14.41) and (14.51) . it follows from (I4.5D - (14.10D that 


7-1 


**? 


- 4 > 


tp 


2 +i?9< V 


R 


7-1 


04) 


7-1 


. ^6 ,2 
+ 


/t0 2 

0 2 i> 


+i?, + Qi((u r _) x + (t/;» + o = 


with H the same as in (13.61) . and 


Q — Q 2 ft 


tx&x 

0 2 V 


— K- 


>0X0 (x 

e 2 vV 


, <K el 

u 9 2 vV 


vV 


Recalling (iii) in Lemma 12.51 we can compute 


<t>u x *p x r,i:,.c , cxR'r' 

-fjL -—-2/i—--1- /l- 


9v 


dvV 


\(P. - P)(U r _) x \ 

< C(|0 cd - + |0+ - 0+| + |R cd - w™| + |R| - i>£|)|(C7I) 


< c(|0 cd - 0™| +1©; - 0+1 + ic" 1 - w ™| + |vj - 

< Ci5e _Co(|x|+t) , 


l£2_ 


+ C\(UL) 


x ' ln c nfi 


(4.10) 


(4.11) 


(4.12) 


(4.13) 


+ 


which leads to 

\Q 2 \ < C(M)\U£ d \((j > 2 + C 2 ) + C{M)Se- C 0 ^ +t) {(j ) 2 + » 

and 

iqi < m + ^ + ^ + °( M )(^ 2 + c 2 )( 02 + ^ 2 )- 

Note that 

(> + C 2 )(0 2 + ^ < C( ^2 + » ((0 c d) 2 + (£7I )2 + (^2) 

< (7(1 +1)- 1 ^ 2 + ( 2 )e~^ + C«5Q!((17L) x + (£/;>). 

Following the same calculations as in [4]. it holds that 

||(F,G)|| L 1 KCS^il + t)- 7 ' 8 . 

Then we have 



(4.14) 

(4.15) 

(4.16) 

(4.17) 


(4.18) 
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Integrating (14.111) over R x (0 ,t) and using Gronwall’s inequality, we deduce from (14.12D - (14.18D that 


'*(5) )(*) 


tz. _|_ ] dxds 

Ov + OH , 


+1 J Qi{(U r _) x + {U r + ) x )dxds < C 0 + C(M )S 1 / 6 

+C(M)6 ( (1 + s)^ 1 f {(f ) 2 + ( 2 )e~^ :T dxds. 

Jo Jr 

Finally, due to the fact that 

[ + V ’ 2 + ( 2 )w 2 dxds < C(M) + C(M) f \\{(/) x ,^ x ,Cx)\\ 2 ds 

Jo J Jo 

+C(M) J J{cf> 2 + C 2 ){{U r _) x + (i U r + ) x )dxds 


<C ( M) + C{M)jJ{^ + f v+ ^)4xds 
+ C ( M )J o j Qi({U r _) x + (U r + ) x )dxds, 


(4.19) 


(4.20) 


whose proof can be found in [4] and w is defined as in Lemma [2721 substituting (14.201) into (14.191) and 
choosing 6 suitable small imply 


+ 



'*(!))» 


J* J Qi((U r _) x 

+ ( 1 U r + ) x )dxds < C 0 + C(M)S J J 


dxds 



(4.21) 


Thus we can finish the proof of Lemma 14.11 in the similar way as in Lemma 13.11 We omit the details for 
brevity. □ 

It is easy to check that the other estimates for single viscous contact wave still hold for the case in 
which the composite waves are the combination of viscous contact wave with rarefaction waves. Thus, 
we complete the proof of Proposition 13.11 and finally prove Theorem 11.21 
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